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ABSTRACT
Ten dimensional supersymmetric Yang-Mills theory may be described, in the
light-cone gauge, in terms of either a vector or spinor superfield satisfying certain
projection conditions (type I or II). These have been presented in a SO(9, 1) form,
and used to construct spinning superparticle theories in extended spaces. This
letter presents the covariant quantisation of a ”spinor-twin” type II superparticle
theory by using the standard techniques of Batalin and Vilkovisky. The quantum
action defines a quadratic field theory, whose ghost-independent BRST cohomology
class gives the spectrum of N=1 super Yang-Mills.
⋆ On leave from QMW College; BELLO at 138.37.48.201, BELLO at 152.84.253.2 or
JLBELLO at 148.247.8.10
Discussions of the mechanics of particles with spin shows that these can be de-
scribed by either a particle theory with local world-line supersymmetry [1], or by a
local fermionic symmetry[2]. This was generalised to superpace, to obtain a num-
ber of spinning superparticle theories satisfying certain constraints whose spectrum
were precisely those of the ten-dimensional supersymmetric Yang-Mills theory. The
quantum mechanics of a free superparticle in a ten-dimensional space-time is of
interest because of its close relationship to ten-dimensional super Yang-Mills the-
ory, and this corresponds to the massless sector of type I superstring theory. The
SO(9, 1) covariant superfield formulation of super Yang-Mills which reduces to
SO(8) ones may be obtained by either an SO(9, 1) vector or spinor superfields.
These superfields are chosen to satisfy either rotational quadratic ( “Type I”)
or linear (“Type II”) constraints that restricts their field content to the physical
propagating fields. The constraints are imposed by an explicit projection operator,
constructed out of super-covariant derivatives, acting on unconstrained superfields.
These were explicitly given on its SO(8) form in [3], and presented on its SO(9, 1)
form in [2]. The spinor and vector superfields are related by γia˙bΨb = (1/8)Da˙Ψ
i.
Yet, it is well known the abstruse quantisation of superparticle models in a co-
variant manner [4], there are by now several formulations which can be covariantly
quantized. These superparticle theories with spectra coinciding with that of the su-
per Yang-Mills are constructed by adding appropriate Lagrange multiplier terms to
certain superparticle actions, some of them leading to these type I (II) constraints.
This letter presents the covariant quantisation of a “spinor-twin” type II su-
perparticle model, by using the Batalin-Vilkovisky formalism [5]. The methods of
[6,7] are used to argue that the zero ghost-number BRST cohomology class in the
reduced formalism is exactly the same as the zero ghost-number cohomology class
in the full formalism with an infinite number of ghosts.
We begin by briefly reviewing the description of ten-dimensional “spinor-twin”
type I superparticle models [2]. A spinor wavefunction can be obtained either from
a spinning particle with local world-line supersymmetry, or from a particle action
with local fermionic symmetry. In [2], it was seen that super Yang-Mills theory
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in ten-dimensions is described by precisely such wavefunctions subject to certain
extra super-covariant constraints. The quantum mechanics of the spinor-twin type
I superparticle theory was given in [7]. This superparticle action is formulated in an
extended ten-dimensional superspace with coordinates (xµ, θA, φ
A) where θA and
φA are anti-commuting Majorana-Weyl spinors.
♠
The physical states are described
by a superspace wavefunction satisfying [2]
p2ΨA = 0, /pACD
CΨB = 0, /p
ABΨB = 0,
DADBΨC + 8(γ
µ)E[A(Γµ/p)
B]
CΨ
D = 0.
(1)
which leaves a superfield Ψa(x
i, θa˙) satisfying a quadratic projection condition
which is precisely the SO(8) constraint of ten dimensional super Yang-Mills theory.
The covariant quantisation of this superparticle was briefly discussed in [7] in the
gauge e = 1 with the other gauge fields set to zero. Covariant quantisation requires
the methods of Batalin and Vilkovisky [5] since the gauge algebra only closes on
shell, and requires an infinite number of ghost fields since the symmetries are
infinitely reducible. Following the BV procedure leads to a gauge-fixed quantum
action which, after field redefinitions and integrating out all non-propagating fields,
takes the form [7]
SQ =
∫
dτ
[
pµx˙
µ −
1
2
p2 + iθˆθ˙ + iφˆφ˙+ cˆc˙+ κˆκ˙+ ivˆv˙ + iρˆρ˙+ ζˆ ζ˙
]
, (2)
where θˆ = d − /pθ − 4cˆκ. As the quantum action defines a free field theory, it is
easy to quantize by imposing canonical commutation relations on the operators
corresponding to the variables (pµ, x
µ, θˆ, θ, φˆ, φ, cˆ, c, κˆ, κ, vˆ, v, ρˆ, ρ, ζˆ, ζ). It proves
useful to choose a Fock space representation for the ghost and define a ghost
vaccum |0 > which is annihilated by each of the antighosts (κˆ|0 >= 0, cˆ|0 >=
♠ A Majorana spinor Ψ corresponds to a pair of Majorana-Weyl spinors, ΨA and Ψ
A. The
32 × 32 matrices Cγµ (where C is the charge conjugation matrix) are block diagonal with
16 × 16 blocks γµAB, γµAB which are symmetric and satisfy γ
µABγνBC + γ
νABγµBC =
2ηµνδAC . In this notation the supercoordinates has components θA, θγ
µθ˙ = θAγ
µ
AB θ˙B,
/pAB = p
µγµAB, etc.
2
0, vˆ|0 >= 0, ρˆ|0 >= 0, ζˆ|0 >= 0). It also proves useful to define a twisted ghost
vacuum |0 >g, where for each ghost g in the subscript, that ghost is an annihilation
operator and the corresponding anti-ghost is a creation operator. The physical
states on both twisted and untwisted Fock space should be the same, as they
are dual representations of the same spectrum. It is then viewed the superspace
coordinates xµ ,θˆA and φ
A as hermitian coordinates while pµ = −i∂/∂x
µ, θˆA =
∂/∂θA and φˆ
A = ∂/∂φA, and consider states of the form Φ(x, θ, φ)M |Ω > with
wavefunction Φ, where M is some monomial constructed from the (anti-)ghost and
|Ω > is one of the ghost vacua. It was found then that the ghost-independent state
Φ(x, θ, φ)|0 > gives the physical spectrum consisting of the eight bosons and eight
fermions which form the Yang-Mills multiplet together with the zero-momentum
ground state which is a supersymmetry singlet.
I shall now describe a ten-dimensional spinor-twin type II superparticle model
with a spinor super-wavefunction satisfying
p2ΨA = 0, /pACD
CΨB = 0, /p
ABΨB = 0,
(γµνρσ) BA D
AΨB = 0,
(3)
which is equivalent to constraints (1). The model is formulated in an extended
ten-dimensinal superspace with coordinates (xµ, θA, φ
A) where θA and φ
A are an-
ticommuting Majorana-Weyl spinors, and to describe super Yang-Mills we wish to
impose the extra constraints dA(Γµνρσ)BA = 0 and φˆφˆ = 0 which can be done by
adding appropriate lagrange multiplier terms.
The spinor-twin type II superparticle action is then given by the sum of [2]
S0 =
∫
dτ
[
pµx˙
µ + iθˆθ˙ + iφˆφ˙
]
, (4)
and
S
′′
=
∫
dτ
[
−
1
2
ep2 + iψ/pd+ iϕ/pφˆ+ iΛµνρσdΓ
µνρσφˆ
− iβ(φφˆ− 1) +
1
2
φˆωφˆ
]
,
(5)
where, as usual, pµ is the momentum conjugate to the space-time coordinate x
µ,
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dA is a spinor introduced so that the Grassmann coordinate θA has a conjugate
momentum θˆA = dA−/pABθB , φ
A is a new spinor coordinate and φˆA is its conjugate
momentum. The fields e, ψA, ϕA, Λµνρσ, β and ω
AB = −ωBA are all Lagrange
multipliers (which are also gauge fields for corresponding local symmetries) impos-
ing the following constraints
p2 =0, /pd = 0, /pφˆ = 0,
φˆAφˆB = 0, φ
AφˆA − 1 = 0, d
A(Γµνρσ)BAφˆB = 0.
. (6)
The action (4)-(5) is invariant under the global space-time supersymmetry
transformations [2]
δθ = ǫ, δxµ = iǫΓµθ, (7)
(where ǫA is a constant Grassmann parameter) together with a number of local
symmetries.
♠
These include world-line reparameterization which, when combined
with a trivial symmetry, gives the A transformations
δe = ξ˙, δxµ = ξpµ, (8)
the other fields being inert. There are also two fermionic symmetries of the first
kind, B and B’, with fermionic spinor parameters κA(τ) and ϕA(τ) given by
δψ = κ˙, δθ = /pκ, δe = 4iθ˙κ,
δxµ = id(Γµ)κ+ iθ(Γµ)/pκ,
(9)
and
δϕ = ζ˙ + βζ, δφ = ζ/p, δxµ = iφˆ(Γµ)ζ (10)
where ζA is a spinor parameter. The bosonic symmetries associated with the gauge
♠ The symmetries divide into two types [8]. Symmetries of the first type are those under
which a gauge field transforms into the derivative of a gauge parameter, while of the second
type are those which involves only gauge fields.
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fields β and ωAB (the C and C’ symmetries ) are defined by
δβ = η˙, δφˆ = ηφˆ , δφ = −ηφ,
δω = −2ηω, δΛµνρσ = ηΛµνρσ , δϕ = −ηϕ ,
(11)
and
δω = Υ˙ + 2βΥ, δφ = iΥφˆ, (12)
where η is a bosonic parameter and ΥAB = −ΥBA is a bosonic bispinor parameter.
There is also a tensor symmetry associated with the gauge field Λµνρσ (referred to
as F symmetry) with bosonic parameter Σµνρσ and given by
δΛµνρσ = Σ˙µνρσ + βΣµνρσ, δd = −2φˆΣ//p,
δθ = −φˆΣ/ , δφ = dΣ/, δe = 4iφˆΣ/ψ,
δxµ = iφˆΣ/(Γµ)θ , δω = 4iΣ//pΛ/.
(13)
The gauge algebra of the symmetries A, B, B’, C, C’ and F closes on shell. In this
situation, the Batalin and Vilkovisky procedure can be used in order to determine
the quantum action and the BRST charge. The approach which is in principle
the most straightforward, but turns out to be technically the most complicated,
involves introducing ghost fields corresponding to each of the symmetries A, B,
B’, C, C’ and F. The minimal set of fields that enter the BV quantisation scheme
is determined by the classical gauge symmetries, together with the requirement
that the BRST transformations of the classical fields and the ghost should be on-
shell nilpotent. This procedure fixed much of the structure of the master action.
We introduce ghosts (c, κ1, ζ1, η1, v1,Σ/1) corresponding to the classical symmetries
(8)-(13). These ghost fields have opposite Grassmann parity to the set of classical
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gauge parameters (ξ, κ, ϕ, β, ω,Σ). The BRST transformations are
se = c˙+ 4iθ˙κ1 + 4iφˆΣ/1ψ , sψ = κ˙1 , sβ = η˙1,
sxµ = cpµ + id(Γµ)κ1 + iθ(Γ
µ)/pκ1 + iφˆ(Γ
µ)ζ1 + iφˆΣ/1(Γ
µ)θ
sθ = /pκ1 − φˆΣ/1 , sϕ = ζ˙1 + βζ1 − η1ϕ , sφˆ = η1φˆ ,
sφ = ζ1/p− η1φ+ iv1φˆ+ dΣ/1 , sω = −2η1ω + v˙1 + 2βv1 + 4iΣ/1/pΛ/ ,
sΛµνρσ = η1Λµνρσ + Σ˙(1)µνρσ + βΣ(1)µνρσ , sd = −2φˆΣ/1/p,
sζ1 = −η1ζ1 , sv1 = −2η1v1 + 2iΣ/(1)/pΣ/(1) , sκn = i
n/pκ(n+1) ,
sη1 = η1η1, sΣ/(1) = Σ/(1)η1, sc = −2iκ1/pκ1 + 4iκ1Σ/(1)φˆ
(14)
The minimal set of fields ΦAmin consists of all classical and ghost fields that
furnish a representation of the BRST algebra,
ΦAmin =
{
x, p, e, c; θ, d, ψ, κ1, . . . , κn;φ, φˆ, ϕ, ζ1; β, η1;ω, v1; Λµνρσ,Σ(1)µνρσ
}
. (15)
In addition to the above minimal set of fields, gauge fixing requires the introduction
of anti-ghosts, extra-ghosts and Nakanishi-Lautrup (NL) auxiliary fields
ΦAnon−min =
{
cˆ, κˆ1, . . . , κˆn, ζˆ1, ηˆ1, vˆ1, Σˆ/1; κ
m
n ; π
m
n πc, π1, . . . πn, π
m
n πζ , πη, πv, πΣ
}
.
(16)
For each field ΦA the BV method requires the introduction of a corresponding
anti-field Φ⋆A of opposite Grassmann parity. Next, we need to find a solution
S(ΦA,Φ⋆A) to the master equation (S, S) = 0 subject to the boundary condition
S|Φ⋆
A
=0 = S0 + S
′′. Yet, care must be taken, as the grading of the fields plays an
important role. The solution to the master equation for the minimal set of field
ΦAmin is
Smin = S0 + S
′′ + S1 + S2, (17)
where S0+S
′′ is the classical action of the spinor-twin type II superparticle (4)-(5).
6
The term linear in anti-fields, S1, is
S1 =
∫
dτ
[
x⋆µ
(
cpµ + iθγµ/pκ1 + idγ
µκ1 + iφˆγ
µζ1 − iφˆΣ/1γ
µθ
)
+ θ⋆
(
/pκ1 − φˆΣ/1
)
− d⋆
(
2φˆΣ/1/p
)
+ e⋆
(
c˙+ 4iθ˙κ1 + 4iφˆΣ/1ψ
)
+ ψ⋆
(
κ˙1
)
+ φˆ⋆
(
η1φˆ
)
+ φ⋆
(
/pζ1 + iv1φˆ− η1φ+ dΣ/1
)
+ ϕ⋆
(
ζ˙1 + βζ1 − ηϕ
)
+ Λ/⋆
(
η1Λ/ + Σ˙/1 + βΣ/1
)
+ β⋆
(
η˙1
)
− ζ⋆1
(
η1ζ1
)
+ η⋆1
(
η1η1
)
+ ω⋆
(
− 2η1ω + v˙1 + 2βv1 + 4iΣ/1/pΛ/
)
+ κ⋆n
(
in/pκ(n+1)
)
+ v⋆1
(
− 2η1v1 + 2iΣ/1/pΣ/1
)
+ Σ/⋆1
(
Σ/1η1
)
+ c⋆
(
− 2iκ1/pκ1 + 4iκ1Σ/1φˆ
)]
,
(18)
while the term quadratic in antifields, S2, is
S2 =
∫
dτ
[
2e⋆
(
iθ⋆κ2 +
+∞∑
n=1
i2n+1κ⋆nκn+2 + x
⋆
µ(iκ1γ
µκ1 − θγ
µκ2)
+ 4c⋆κ1κ2
)
+ 4ϕ⋆c⋆κ2Σ/1 + ix
⋆
µ(ψ
⋆γµκ2 + 2ω
⋆Σ/1γ
µΣ/1)
]
.
(19)
The full master action in then given by adding to Smin the following action for the
non-minimal fields
Snon−min =
∫
dτ
[
cˆ⋆πc +
+∞∑
n=1
+∞∑
m=0
inκˆm⋆n π
m
n + ζˆ
⋆
1πζ + ηˆ
⋆
1πη + vˆ
⋆
1πv + Σˆ/
⋆
1πΣ
]
. (20)
The corresponding quantum action SQ is then given by substituting Φ
⋆
A =
∂Ψ/∂ΦA. The gauge fermion Ψ(ΦA) is implemented by imposing gauge conditions
on the gauge fields rather than on the coordinates. The simplest gauge is
Ψ(ΦA) =
∫
dτ
[
cˆ(e− 1) + κˆψ + ζˆ1ϕ+ ηˆβ + Σˆ/1Λ/ +
1
2
vˆ1ω
]
, (21)
where cˆ, κˆ, ζˆ1, ηˆ, Σˆ/1 and vˆ1 are anti-ghosts fields. This leads to the following
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quadratic gauge-fixed quantum action.
SQ =
∫
dτ
{
pµx˙
µ+ iθˆθ˙+ iφˆφ˙+
1
2
p2+ cˆc˙+ κˆ1κ˙1+ ζˆ1ζ˙1+Σˆ/1Σ˙/1+ ηˆ1η˙1+ vˆ1v˙1
}
. (22)
where θˆ = d− /pθ− 4icˆκ1. This is invariant under the modified BRST transforma-
tions given by sˆΦA = ∂lS/∂Φ
⋆
A
∣∣∣
Φ⋆
A
=∂Φ/∂φA
, which are generated by the following
conserved (Q˙BRST = 0) and nilpotent (Q
2
BRST = 0) BRST charge
QBRST =
1
2
cp2 + 2id/pκ1 + 2iφˆ/pζ1 − 2idφˆΣ/1 − φˆv1φˆ
− φˆη1φ+ ζˆ1ζ1η1 + Σˆ/1Σ/1η1 + ηˆ1η1η1 + 2vˆ1v1η1 − 2cˆθˆκ2
− 2icˆκ1/pκ1 + iκˆ1/pκ2 + 4cˆζˆ1κ2Σ/1 + 2iκˆ1cˆκ3 + 2ivˆΣ/1/pΣ/1 .
(23)
As the action (22) is free, the model can be quantized canonically by replacing
each of the fields by an operator and imposing canonical (anti-) commutation rela-
tions on the conjugate pairs (pµ, x
µ), (θˆ, θ), (φˆ, φ), (cˆ, c), (κˆ1, κ1), (ζˆ1, ζ1), (Σˆ/1,Σ/1),
(ηˆ1, η1) and (vˆ1, v1). Then a state is physical if it is annihilated by the BRST charge.
The cohomology classes can be classified according to their total ghost number and
the physical states are taken to be the cohomology class of some definite ghost num-
ber. We consider two distinct Fock space representations of the ghost system, the
untwisted one in which the ghost ground state |0 > is annihilated by each of the
antighosts (κˆ1|0 >= 0, cˆ|0 >= 0, vˆ1|0 >= 0, ηˆ1|0 >= 0, Σˆ/1|0 >= 0, ζˆ1|0 >= 0),
and the twisted one in which antighosts are creation operators and ghosts are
annihilation operators. It is viewed x, θ and φ as hermitian coordinates while
pµ = −i∂/∂x
µ, θˆA = ∂/∂θA and φˆ
A = ∂/∂φA, and consider states of the form
Φ(x, θ, φ) M |Ω > with wavefunction Φ, where M is some monomial constructed
from (anti-)ghosts and |Ω > is one of the ghost ground state. The wave function
Φ(x, θ, φ) satisfies the following conditions
p2Φ = 0, /pdΦ = 0, /pφˆΦ = 0,
φˆφˆΦ = 0, (φφˆ− 1)Φ = 0, dΓµνρσφˆΦ = 0,
(24)
which are precisely the the ones discussed in [2]. Therefore, the BRST cohomology
class with no ghost dependence gives a physical spectrum consisting of 8 bosons
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and 8 fermions which form the super Yang-Mills multiplet. The monomial M
cohomology classes have to be investigated in both spinor-twin type I and type II
models.
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